CSCI3160 Design and Analysis of Algorithms (2025 Fall)

Approximation Algorithms 3: Set Cover and Hitting Set

Instructor: Xiao Liang!

Department of Computer Science and Engineering
The Chinese University of Hong Kong

'These slides are primarily based on materials prepared by Prof. Yufei Tao (please refer to Prof. Tao's version
from 2024 Fall for the original content). Some modifications have been made to better align with this year's
teaching progress, incorporating student feedback, in-class interactions, and my own teaching style and research
perspective.
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We are given a collection? § where each member of § comes from a certain domain (which is not
important).

Define the universe U = (Js g S.

A sub-collection € C § is a set cover (of U) if every element of U appears in at least one set in C.

The set cover problem:
Find a set cover with the smallest size.

2l.e., a set of sets.
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S3
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56 =

An optimal solution is € = {51, 55, S4, S5 }-

Example: U ={1,2,...,12} and 8§ = {51, S2, ..., S¢} where

{1,2,3}
{4,5,6}
{2,3,4,5}
{7,8,9,10}
{10,11,12}
{8,9,10}
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Application 1: Facility Location

Problem:
@ Choose locations to place facilities (e.g., hospitals, warehouses)
@ Each facility serves a subset of cities

@ Goal: Cover all cities using the minimum number of facilities

Set Cover Mapping:
o Universe: All cities
@ Subsets: Each facility covers a subset of cities

@ Find minimum number of facilities to cover all cities

CSCI3160 (2025 Fall) Set Cover and Hitting Set 4/44



Application 2: Sensor Placement

Problem:
@ Place sensors to monitor an area (e.g., a building, a field)
@ Each sensor covers a region

@ Goal: Use as few sensors as possible to cover the entire area

Set Cover Mapping:
@ Universe: All regions that need monitoring
@ Subsets: Each sensor covers a region

@ Find the smallest set of sensors that covers all regions
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Application 3: Test Case Minimization

Problem:
@ Each test case detects a subset of possible bugs

@ Goal: Run as few tests as possible to detect all bugs

Set Cover Mapping:
@ Universe: All bugs
@ Subsets: Each test case covers certain bugs

@ Choose minimal test cases covering all bugs
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Set Cover is NP-Hard

The input size of the set cover problem is n =3 ¢ 5 |S|.

The problem is NP-hard.
@ No one has found an algorithm solving the problem in time polynomial in n.

@ Such algorithms cannot exist if P # NP.

7/44
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A = an algorithm that, given any legal input S with universe U, returns a set cover C.

Denote by OPTg the smallest size of all set covers when the input collection is 8.

A is a p-approximate algorithm for the set cover problem if, for any legal input 8, A can return
a set cover with size at most p - OPTsg.

The value p is the approximation ratio.
We say that A achieves an approximation ratio of p.

We will show a greedy algorithm achieving p = 1 + In(|U]).
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Greedy Algorithm for Set Cover

Input: A collection 8

1. ¢=0

2. while U still has elements not covered by any set in C

3. F < the set of elements in U not covered by any set in C
/* for each set S € 8, define its benefit to be |[S N F| */

4, add to € a set in 8 with the largest benefit

5. return C

It is easy to show:
@ The C returned is a set cover;
@ The algorithm runs in time polynomial to n.

We will prove later that the algorithm is (1 + In|U|)-approximate.
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Example: U ={1,2,...,12}.
S1={1,2,3}, S, = {4,5,6}, S5 = {2,3,4,5}, S; = {7,8,9,10}, S5 = {10,11,12},
and Sg = {8,9,10}.

In the beginning, € =0 and F = {1,2,...,12}.

Next, we can add S3 or Ss to € (benefit 4). The choice is arbitrary; suppose we add
Ss. Now, F = {1,6,7,8,9,10,11,12}.

Next, we can add S (benefit 4). Now, F = {1,6,11,12}.

Next, we can add Ss (benefit 2). Now, F = {1,6}.

Next, we can add S; or Sy (benefit 1). The choice is arbitrary; suppose we add S;.
Now, F = {6}.

Finally, we add S,. Now, F = ().

The algorithm terminates with € = {51, Sz, S3, S, S5}

CSCI3160 (2025 Fall) Set Cover and Hitting Set

10/ 44



Theorem 1: The algorithm returns a set cover with size at most 1 + (In |U|) - OPTs.

Note that this theorem implies the (1 + In|U|)-approximation ratio we claimed earlier, because

1+ (In|U|)- OPTs < (1+In|U]) - OPTs.
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© = the set cover returned.
t=1C|.

Denote the sets in C as 51,5, ..., S¢, picked in the order shown.

For each i € [1, t], define z; as the size of F after S; is picked.
/* Recall that F denotes the set of elements in U that are not covered yet */

Specially, define zy = |U].

z; =0 and z;_; > 1. Think: why?

Denote by C* an optimal set cover, namely, OPTg = |C*|.
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We will prove later:

Lemma 1: For i € [1,¢], it holds that

1
. < 7 . - .
fs g (1 OPT5>
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From Lemma 1, we get:

1 1 2 1 t—1
ao s z”'<1mvrs>§z”'(1m> S"‘SZ‘)'<1OPTS)

1 1 -1
= W (1-gpry) lule

where the last inequality used the fact 1 4+ x < e* for any real value x.

Recall the Maclaurin expansion of e (where the expansion converges for all x € R)

ix——1+x+x—2+x—3+
2] 31

As z;,_1 > 1, we have
1< |U]-e s (1)

which resolves to t <14 (In|U|)- OPTg. This proves Theorem 1.
e 144



CProof of Lemma 1)

Before S; is chosen, F has z_; elements.

At this moment, at least one set S* € C* has a benefit at least

Zi-1 _ Zj—1

_ 0
& ~ OPTs

Think: Why? - Averaging argument.

The set S* cannot have been chosen (every chosen set has benefit 0) and is thus a candidate for S;. It
Zji—1

thus follows that S; must have a benefit at least oPTs (greedy). Therefore:

Zj = |F\5,|:|F|—|Fﬁ5,‘
< Zi—1
Zi_1 —
= Y71 OPTs

(oY
i1 OPTs
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An Alternative Proof
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The previous proof shows that the algorithm is (1 4 In|U|)-approximate.

Next, by a different proof strategy, we will show that the same algorithm is also
h-approximate, where h = maxses |S].

Theorem 1: The algorithm returns a universe cover with cost at most h- OPTg.

This bound would be tighter under cases where
max|S| <1+ In|U]|.
S5e8

For example, consider the case where |U| = 1024 and maxscg |S| < 9.
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Proof of Theorem 1

Suppose that our algorithm picks t sets. Every time the algorithm picks a set, at least one

new element is covered. For each i € [1,t], denote by €; an arbitrary element that is newly
covered when the i-th set is picked.

Let C* be an optimal universe cover. Then, we have:

t t
t= Z 1< Z# sets in C* containing ¢ < Z # sets in C* containing e,
i=1 i=1 eclU

where

@ The first < symbol is because each e; exists in at least one set of C*.

@ The second < is because |U| > t (or, there might be more than one element covered by
the i-th picked set).
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Proof of Theorem 1

Next, we claim that (see the following figure for a proof)

Z # sets in C* containing e = Z S| (2)

eelU Seex

In the example shown left:
@ there are 5 sets {S1,..., S5} in the optional over C¥;
@ there are three element {a, b, c} in the universe U;

@ it is then clear that both the left-hand side and the
right-hand side of Equation (2) are counting the num-
ber of edges in the left figure.

Figure: An example illustrating the
claim
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Proof of Theorem 1

In summary, we have

t < Z# sets in C* containing e = Z |S|< €] - h.
ecU Sel*

This finishes the proof of Theorem 1.
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Some Criticisms of This Bound/Proof (1/2)

This is indeed something weird about this proof:

@ Where did we utilize the “greedy” nature of our algorithm in this proof?
- The answer is “No, we didn't!”

In other words, the same approximation ration p = maxses |S| can be achieved by the
following (simplified) algorithm:

Input: A collection 8

1. =0

2. while U still has elements not covered by any set in C

3. add to € an arbitrary set in 8 that has a non-zero benefit
4. return C
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Some Criticisms of This Bound/Proof (2/2)

So, intuitively, this simplified algorithm should perform worse than the original greedy one (i.e.,
it should have worse approximation ratio p). Is it true?

Let's recall that this bound beat the original one only if the following is true:

max |S| < 1+ In(|U)).
Se8

While this could happen for concrete values such as |U| = 1024 and maxses |S| =9, it does
not make much sense in an asymptotic sense!
@ Recall the definition of U that U = (JscgS. This means that, asymptotically, it is
impossible for |U| to be exponentially larger than maxscs |S|, unless there are exponentially
many sets in S—uwhich is, in any case, not of practical interest.
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A Tighter Proof

(This proof is considered an advanced technique and will therefore not be included in quizzes

or exams.)
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Starting Point

In addition to not leveraging the “greedy” nature of our algorithm, the previous proof is also
wasteful (or loose) in the following step.

t

t
t= Z 1< Z# sets in C* containing ¢; < Z # sets in C* containing e.
i=1 i=1 ecU

Our hope: A finer-grained counting will yield a better approximation ration p.
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Greedy Set Cover Approximation

Theorem 2: Our greedy algorithm achieves p-approximation with
p=H(max{|S|:S € F}),

where H(n) = "7, 1 is the n-th harmonic number, with H(0) = 0.

\. y

To give you a sense of the magnitude of H(n):
In(n+1) < H(n) < In(n)+1.

(This can be proven using Calculus-101 techniques. We don't talk about it here.)

The main take-away: H(n) = ©(In(n)).

Next, we proceed to prove Theorem 2.
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To proof Theorem 2, we:
@ Assign cost 1 to each set selected by the algorithm.

@ Distribute each cost over the elements it covers for the first time.
Formally, we assume that the sets selected by our algorithm (in order) are Sy,...,S;.
For each element e € U, we denote its “cost” c. by the following value:

1
Ce:

= |5,'—(51U52U"-U5,;1)"

where S; is the first set selected by our algorithm that cover e for the first time.
Intuitively:

e S; covers |S;—(S1USU---US;_1)| many elements for the first time, and e is one among
them.

@ the value ¢, is just the “amortized benefit” assigned to ce.
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With the above definition of cost c., it is not hard to see that

Y c=t(=e]). (3)

eclU

where C is the cover returned by the algorithm.

This is because

1 1
e =15 +1S% -S| =+ 1S5 (S1US n
EGZU |S1] - ’ |S2 — S 5 =5 1S3 — (51 2)’|St_(51U52)’

+ St — (S1U...USi1)|

1
1St — (S1U...USi1)|
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Relating to Optimal Cover

Each element e € U is in at least one set in the optimal cover C*, so:

Y =) c. (4)

SeC* eeS ecU

Combining (3) and (4), we have

t< ZZCG. (5)

Sel* eeS
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Next, we make an important technical claim:

Claim 1: For any set S belongs to the collection §, it must hold that s ce < H(|S]).

We will first finish our proof of Theorem 2 assuming that Claim 1 is true. (After that, we will
show the proof of Claim 1.)

Finishing the proof of Theorem 2: Combining (5) and Claim 1 yields that

t< > H(IS)).

SecC*

Finally, since > .. H(|S]) < [€*|- H(max{|S| : S € F}), we have

t < |€*]- H(max{|S|: S € F}).
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Proving Claim 1: Notation

To prove Claim 1, fix an arbitrary set S € S§. (The proof below is for this particular S.)

Recall that we use Si,...,S; to denote the sets picked by our algorithm.
Then, for all i € {1,...,t}, define u; to be the number of elements in S not yet covered after
S1,...,S; are picked (i.e., at the end of the i-th iteration of our algorithm). Formally,

u=1S—(S1U...US)I.

In particular, up == |S|.

(Note that the definition of u; depends on the particular S we fixed at the beginning of the
proof.)
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Proving Claim 1: Counting Cost for S

Let k be the first index where u, = 0. Intuitively, this means:
@ S is not fully covered yet by S; U...U Sk _1;
@ S is then fully covered by S; U...U Sk_1 U S;

Note that by definition, at the i-th iteration (when our algorithm picks S;), there are
(uji—1 — uj) many elements from set S being covered for the first time by S;.

Also, recall from the definition of “cost” that each newly covered element e at the i-th
iteration has a cost of

1
Ce = )
|51_(51UU5,,1)|
Thus,
: 1
Ce = -1 uj) - . 6
e;s ,z_;(u 1= ) 1S — (S1U...USi_1)| (6)
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Proving Claim 1: Utilizing the “Greedy” Nature

Next, observe that for all i € {1,...,t}, it holds that

‘5,' — (51 U... US,'_l)‘ > ‘5 — (51 U... US,'_l)’ (: U,') (7)

which simply follow from the greedy nature of our algorithm that picks the set S; with the
largest benefit.

Combining (6) and (7),

k 1
E Ce S E (u,-_1 — U,') . ; (8)
ecS i=1 !
Set Cover and Hitting Set
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Proving Claim 1: Harmonic Numbers

Here is an interesting fact about harmonic numbers:

@ Let n and m be non-negative integers such that n < m. Then, it hols that

m-—n

- < H(m) — H(n). (9)

The proof of this fact is left to you as an exercise.

Now, let's proceed with (8):

p p
Zce < Z(Uifl - uj) ul < ZH (ui-1) — H(ui)  (by (9))
ecS i=1 ' i=1
= H(uo) — H(uk) = H(|S]) — H(0) = H([S])

This finishes the proof of Claim 1.
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Our set cover algorithm can be used to solve many problems with approximation guarantees.
Next, we will see two examples.
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Example I: Vertex Cover

Recall the Vertex Cover problem: G = (V/, E) is an undirected graph. We want to find a
small subset V* C V such that every edge of E is incident to at least one vertex in V*. The
optimization goal is to minimize |V*|.

Vertex Cover can be reduced to Set Cover:
@ For every v € V, define S, = the set of edges incident on v.
@ Apply our algorithm on the set-cover instance: § = {S, | v € V}.

This gives an min{O(In |V/|), h}-approximate solution, where h = max,cv |S,|.

Remark: This algorithm is not as competitive as the 2-approximate vertex-cover algo-
rithm we discussed in the lecture. But the point here is to demonstrate the usefulness of
set cover, rather than improving the approximation ratio.
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Example Il: Facility Location

R = a set of n 2D red points, each called a facility
B = a set of n 2D black points, each called a customer
€ = a positive integer.

A subset S C R is a feasible facility set if, for every black point b € B, there is at least one
point r € S with dist(r, b) < e.

OPT = the smallest size of all feasible facility sets.
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Example Il: Facility Location

Convert the problem to set cover:
@ For every r € R, define S, = the set of black points b satisfying dist(r, b) < e.
@ Apply our algorithm on the set-cover instance: 8 = {S, | r € R}.

This gives an O(log n)-approximate solution.
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Next, we will introduce a closely related problem called the hitting set problem.
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Let U be a finite set called the universe.
We are given a collection § where each member of S isaset S C U.

A subset HC U hitsaset S€8if HNS # 0.
A subset H C U is a hitting set (of 8) if it hits all the sets in 8.

The hitting set problem:
Find a hitting set H of the minimize size.
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Example: U ={1,2,3,4,5,6} and S = {51, 52, ..., S12} where
S o= {1}
S = {1,3}
S = {1,3}
Sy = {2,3}
Ss = {2,3}
S = {2}
S o= {4
Ss = {4,6}
So = {4,6}
S0 = {4,5,6}
Siu = {5}
S, = {5}

An optimal solution is H = {1,2,4,5}.
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The input size of the set cover problem is n =} "5 ¢ |S].

The problem is NP-hard.
@ No one has found an algorithm solving the problem in time polynomial in n.

@ Such algorithms cannot exist if P # NP.
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A = an algorithm that, given any legal input S with universe U, returns a hitting set.

Denote by OPTg the smallest size of all hitting sets.

A is a p-approximate algorithm for the hitting set problem if, for any legal input S, A can
return a hitting set with size at most p - OPTsg.

The value p is the approximation ratio.

We say that 4 achieves an approximation ratio of p.
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Hitting set and set cover are essentially the same problem.

Let 8 be the input to the hitting set problem (recall that § is a collection of sets). By converting the
problem to an instance of set cover, we can obtain a polynomial-time hitting-set algorithm that
guarantees an approximation ratio of

1+1n|8].

The proof is left as a regular exercise, but the next slide illustrates the key idea behind the conversion.
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S Consider the hitting set example on Slide 40. Let us create a bipartite

S, graph G (shown left).
Sg 1
Each set S € S corresponds to a vertex on the left of G.
51 9 Each element e € U corresponds to a vertex on the right of G.
S An edge exists between vertex S and vertex e if and only if e € S.
S() 3 . . . . . . .
Solving the hitting set problem is equivalent to finding a smallest
S 4 set R of right vertices such that every left vertex is adjacent to
Sy at least one vertex in R.
Sg 5
5 This gives rise to the set cover example on Slide 3.
10 6
Sll
SIZ

CSCI3160 (2025 Fall) Set Cover and Hitting Set 44 /44



